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Abstract 
For any dimension d and any k = 1 .... ,d we construct a 2-neighborly triangulation of 
a d-manifold Mk a which is invariant under the action of the dihedral group D, on 
n = 2d-k(k + 3) -- 1 vertices. Mk n is the boundary of a (d + 1)-manifold Mdk+l with the same 
properties. Special cases in this family have been observed before: M~ is the boundary of 
a (d + 1)-simplex, ~t~_+] is an orientable or nonorientable 1-handle depending on the parity of 
d, M~ is a d-dimensional torus. Topologically, Mk d (or j~d+ 1) is the total space of a sphere bundle 
(or disc bundle) over a (d - k)-dimensional torus. The construction of the triangulation itself is 
purely combinatorial. It is based on permutations of certain difference cycles encoding all the 
information about the triangulation i  d (or d + l) integers. 
1. Introduction 
Cyclic automorphism groups have been successfully applied to many combinatorial 
structures. In this case the elements or vertices can be regarded as the elements of 7/,, 
the combinatorial structure consists of a set of tuples in 7/, which is invariant under 
the 7/,-action x --* x + 1 mod n, called a cyclic automorphism or a cyclic symmetry. The 
generating tuples are usually called difference cycles or difference sets. A large variety 
of cyclic block designs have been obtained in this way, for a list of cyclic Steiner triple 
systems ee [5]. The solution of the Heawood map color problem by Ringel, Youngs 
and others was based on current 9raphs generating triangulated surfaces with 
n vertices, with a complete dge graph, and with a cyclic automorphism group Z, [16]. 
Cyclic codes constitute an important class of codes [15]. Cyclic 2k-polytopes (with 
a 7/,-symmetry) play a prominent r61e in the theory of convex polytopes because they 
are k-neighborly and because they realize the maximal possible number of faces in all 
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dimensions [7, 14]. Cyclic triangulations of 3-manifolds have been obtained in 
[2, 4,12, 13]. In any case the presence of the 7/.-action makes it easier or possible at all 
to investigate those structures and to discuss further properties of them. 
One of the basic and very instructive xamples linking combinatorics, geometry and 
topology is the unique 7-vertex triangulation of the torus or, equivalently, the unique 
block design $2(2, 3, 7) without repeated blocks. From the combinatorial point of 
view, it appears as the union of the 7/v-orbits of the generating triples 013 and 023. In 
terms of difference cycles, it is generated by the differences (12) and (21). For any n ~> 7 
there is a 7/,-symmetric torus generated in the same way, see [1]. A 3-dimensional 
generalization starts with the generating quadruples 0124, 0134, 0234 or with the 
differences (112), (121), (211) for Z,, n/> 9. This is a triangulated (twisted) product 
SZx S 1 depending on the parity of n. Another example is the 15-vertex 3-torus 
generated by the quadruples 0137, 0157, 0237, 0267, 0457, 0467 or the differences 
(124), (142), (214), (241), (412), (421) in Z15, see [11]. For any n >~ 15 there is a 7/,- 
symmetric triangulated 3-torus generated in the same way. The following properties 
are common to all the three examples: 
1. The differences can be permuted arbitrarily. 
2. There is a minimal no such that the union of the corresponding 7/,-orbits is 
a manifold for all n/> no. 
3. There is a maximal nx such that for any n ~< nl the union of the corresponding 
7/,-orbits contains all possible (~) edges, moreover nl = no. 
In this paper we describe an infinite family of such examples depending on several 
parameters. In each case the triangulation is given by the union of the Y,-orbits of all 
permutations of a difference cycle. The topology of the members of this family forms 
a kind of hierarchy of sphere- or disc-bundles over higher-dimensional tori, see the main 
theorem in Section 5. 
2. Definitions and notations 
A combinatorial d-manifold is a simplicial complex such that the link of each vertex 
is a combinatorial (d - 1)-sphere. For a combinatorial d-manifold with boundary the 
requirement is that each vertex link is either a combinatorial (d -  1)-sphere or 
a combinatorial (d - 1)-ball. In the sequel all complexes will be invariant under 
x~x+ 1 modulon, 
x~ - -x  modulon. 
Therefore, vertices are identified with elements ofT/, = 7//n77. Up to 77,-action, an edge 
(Xo x l )  can be encoded just by the difference (xl - Xo) = (y) considered as an element 
y e Z,. Similarly, a d-dimensional simplex (XoXl ... Xd) with Xo < Xl < ""Xd can be 
encoded by the differences (Yl "'" Yd) of non-zero elements of Z,. This generates 
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a Z,-orbit  of d-simplices as follows: 
By a permuted ifference d-cycle we mean the difference d-cycle (Y~I ' "  Y~a) for a 
given permutat ion ~r of {1, . . . ,d}.  A d-permcycle is defined as a set of permuted 
d-cycles, where (y~ ... Ya) is fixed and where a ranges over all possible permutat ions 
a of the symmetric group Sa. Example: (124), (142), (214), (241), (412), (421). We denote 
a permcycle by the symbol [Yl " ' "  Yd] ,  where y~ <<. Y2 "'" ~ Yd. Example: [124]. 
Any d-permcycle together with any given number  n/> d + 1 generates a d-dimen- 
sional simplicial complex as the union of the 7/,-orbits of all the permuted difference 
d-cycles. This is invariant under the natural action of the dihedral group D, on 
n vertices. Therefore, d-permcycles can be used as a short notation for a certain class of 
combinator ial  d-manifolds. In the sequel we shall not distinguish between the perm- 
cycle and the generated simplicial complex or manifold if there is no danger of 
confusion. Using this notation, we say that for n = 7 the permcycle [12] is the 7-vertex 
triangulation of the torus, etc. 
A simplicial complex is called 2-neighborly if any pair of vertices is joined by an edge 
belonging to the complex. A necessary condition for the 2-neighborliness of [Yl "'" Yd] 
is n ~< 2~d=~y~ + 1 and 1 e {yl, "",Yd}. An equivalent condition is that any y e 7/,, 
1 ~< y <~ ~, can be written as a sum ofyi's. As an example, [124] with n = 15 vertices is 
2-neighborly because 1,2,4 occur and 3 = 1 + 2, 5 = 1 + 4, 6 = 2 + 4, 7 = 3 + 4. 
Moreover,  in this case the representation of 1, 2, ..., 7 as a sum of yi's is unique. This is 
a special case of the following lemma. 
Lemma 1. Let 1 ~< Yx ~< Y2 ~ " "  ~ Yd befixed integers. Then the following conditions 
are equivalent: 
d (i) Any y, 1 <~ y .~. ~i= 1 Yl admits a representation y = ~= x eiyi with ei ~ {0, 1 } for all 
i e {1,. . .  ,d}, and moreover {il ei -- 1, yi/> 2) is uniquely determined by y. 
(ii) (Yl "'" Yd) = (11_~-f_~ q 2q 4q ... 2a-q'q) for  a certain q >~ 2. 
Y 
c l -1  
Proof. (ii) ~ (i) is obvious. To see (i) ~ (ii) we first observe that Yl = 1 is necessary 
because 1 must be representable. Either we have Yd = 1, then we set q:= d + 1. 
Otherwise, there is a q >~ 2 such that Yl . . . . .  Yq-1 = 1, yq > 1. q itself must be 
uniquely representable, hence yq = q. Inductively, for any j /> q, if y is the smallest 
number  not representable as a sum of y l ,  ..., yj then y~+ 1 = Y. This proves Lemma 1. 
3. Examples 
d=l :  
[1] n~>3 boundary  of an n-9on. 
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d = 2: 
[11] n = 4 
[11]  n = 5 
[11] n = 6 
[12] n=7 
[123 
[pq] 
d=3.  
1-111] 
1,111] 
1,111] 
[112] 
n~>7 
n = p2 q_ pq + q2 
n=5 
n=7 
n~>7 
n=9 
[112] n = 10 
[113] n = 11 
[124] n = 15 
boundary of a tetrahedron. 
5-vertex triangulation of the M6bius band. 
triangulation of the cylinder S 1 x 1,0, 1]. 
7-vertex triangulation of the torus 
( = Coxeter's regular map {3, 6}1,2). 
torus in the boundary complex of the cyclic polytope 
C(n, 4), see reference [1]. 
Coxeter's regular map {3, 6}~.q for (t9, q) = 1, see reference [6]. 
d = 4: 
[-1111] n/> 9 
[1112] n = 11 
[1248] n = 31 
boundary of a 4-simplex. 
7-vertex triangulation of the solid torus. 
solid torus, as part of C(n, 4), see reference [1] 
9-vertex triangulation of the 3-dim. Klein bottle, see refer- 
ence [18]. 
10-vertex triangulation of S 1 x S 2, see reference [18]. 
nonorientable 3-manifold whose boundary is a torus 
( = type II'xx in reference [12]). 
15-vertex triangulation of the 3-torus ( = type III 1 s in refer- 
ence [12]). 
triangulated 1-handle, orientable if n is even, nonorientable 
if n is odd. 
11-vertex triangulation of S 1 x S 3, see reference [8]. 
31-vertex triangulation of the 4-torus, see reference [13]. 
Observe that the boundary of [11] is [2] for n = 5 (pentagon), the boundary of 
1,111] is [12] for n/> 7, the boundary of [113] is [23] for n = 11, the boundary of 
1,1111] is 1,112], etc. 
4. Construction of two families M~ and ~/~+ 1 of triangulations 
The general idea is to construct riangulated manifolds by permcycles [-Yx "'" Ya] 
with n = 2Y~a= l Y~ + 1 vertices. By the remarks in Section 2 the triangulation is 
2-neighborly if and only if every y, 1 ~< y ~< ~, can be represented as a sum of y{s. In 
particular, Lemma 1 leads to the following families of permcycles: 
1,1], [12], 1,124], [1248],. . . ,  
1,1], [11], 1,113], [1136],. . . ,  
1,1], [11], [111], 1,1114], [11148],.. . ,  
[1], [11], [111], 1,1111], [11111], [111111],... 
W. Kiihnel, G. Lassmann / Discrete Mathematics 162 (1996) 215-227 219 
Some of them are already discussed in Section 3 as examples scattered in the literature. 
Definition. For any dimension d >/1 and any k = 0, . . . ,  d - 1 M~+ 1 is defined by the 
permcycle 
[1 ..- 1 k+3 2(k+3)  4 (k+3)  ... 2 d - t -2 . (k+3) ] .  
k+2 
Similarly, for any k -- 0,- . - ,  d, M { is defined by the permcycle 
[1~1 -[[_j 2 k + 3 2(k + 3) ... 2e-k-a'(k + 3)]. 
Y 
k 
In either case the number of vertices is nk d := 2e-t ' (k + 3) -- 1. 
One easily recognizes all the families suggested by Lemma 1 as members of the 
family ~t~ + 1 except for the case q = 2. Observe that this case (M{ = the first one of the 
rows above: [1], [12], [124],.. .  ) does not correspond to a manifold with boundary 
but rather to the boundary of the third row. By definition ME is a subcomplex of 
~kd+ 1. Actually, Mk a turns out to be the boundary of Mk d+l in each case. Each of these 
complexes Mk d and ~tkd+ 1 is 2-neighborly except for M~ which is included here because 
it occurs as the boundary of ~r~+l. Formally, ~+1 can be defined as the (d + 1)- 
simplex itself. Similarly, M ° can be defined as a discrete set with 2 elements, the 
boundary of the 1-simplex Mo 1 . 
The numbers n~ obey the following recurrence relations: 
n~=d+2,  
nkd+l=2nk d+l ,  
n~ d- 1 2 a- k, ~---nk_ 1 -~- 
n2k+3d+k+2=nkd forany d>~k + 1 
They can be represented in a Pascal-like triangle as in Fig. 1. 
The last recurrence relation leads to the following canonical embeddings preserving 
the Dn-action: 
Md_ ~d+l_  ~d+k+2 
k"-"~lVl k ~-"*'lV12k+3 for d >~ k + 1. 
Special cases are M2oc--.Maa ( = the 5-vertex M6bius band in the boundary complex of 
a 4-simplex) and ~tac-.M~c--- ,]~c-.C(11, 6). The latter one is the nonorientable 
type II'~ 1 in [12] as a subcomplex of the ll-vertex triangulation of S 1 x S a which in 
turn is a hypersurface in the boundary complex of the cyclic 6-polytype with I l 
vertices, compare [8]. As far as the topology of Mk ~ and Mk d+l is concerned, one 
recognizes the following well-known cases: 
1. M~ is the boundary of a (d + 1)-simplex. 
¢',fd + 1 is an orientable handle if d is even and a nonorientable handle if d is odd. 2. 1r id -  
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k=2 k=l  k=0 d=k d=k+l  d=k+2 
\ \ \ / / / 
d=0 
d=l " 
d=2 
d=3 -"-" 
d=4 "-" 
7 
8 
17 
15 
2 
3 5 
4 7 11 
5 9 15 23 
11 19 31 47 
13 23 39 63 95 
27 47 79 127 191 
31 55 95 159 255 383 
Fig. 1. 
3. Its boundary Md _ x is a product S d- l x S 1 if d is even and a twisted product 
S d-1 xS  1 if d is odd [8, 9]. Md_l belongs to Walkup's class ~+1(1) ,  see [8]. 
According to [3] this triangulation has the minimum number of vertices among all 
combinatorial d-manifolds which are not simply connected. A~rdd-+ ~ and Ma d_ 1 are tight 
triangulations, ee [10]. 
4. M d is a d-dimensional torus [13]. It is not hard to see that Mao is also a d- 
dimensional torus. 
5. Main Result 
The main result of this paper is a topological interpretation of the whole family of 
the combinatorially defined permcycles in Section 4 as follows: 
Theorem. (a) A~tkd+ 1 is a 2-neighborly combinatorial (d + 1)-manifold with boundary M~. 
M~ is 2-neighborly if k >1 1. 
(b) /~tkd+X is PL-homeomorphic to the total space of a (k + 1)-disc bundle over the 
(d - k)-torus ($1) d-k, its boundary is the associated k-sphere bundle. 
In particular, M d is a d-sphere, M d is a d-torus, f-I d+ 1 is orientable if and only i fk  is 
odd or if k = d, M~ is orientable if and only if k is odd or if k(d - k) = O. 
(c) For any m >~ n d there is an m-vertex triangulated (d + 1)-manifold )ffl~ + 1 (m) with 
boundary Mak (m) generated by the same start simplices as fflak +1 under the action of Z,,. 
For odd m and d >/k + 1 the topologicl type is the same as in (b). 
d+l Proof of (a). At first we show the following: If)~4 k and M~ are triangulated manifolds 
then M d is the boundary of lfflg ÷ 1. We start with an arbitrary codimension 1 face 
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of ~t~ + 1, 
A = (x  0 x 1 ... x i -1  xi Xi+l "'" Xd+l ) .  
In the corresponding difference cycle (Yl "'" Yd+ 1) the effect of omitting x~ is that two 
subsequent differences y~, Yi+l are replaced by their sum yi + Yi+l. If y~ ¢ Y~+I then 
we can interchange them and obtain A as a face of 
(Xo X1 ... Xi_ a Xi Xi+l ... Xd+l )  
and of 
(Xo X1 "'" X i -1  X i -1  + Yi+l  Xi+l "'" Xd+l ) .  
Therefore, A is in the interior of ~rak +1 in this case. If Yi = Yi+l then A occurs exactly 
once as a face and is therefore in the boundary of _M~+ 1. But this only happens if 
Yi = y~+ 1 = 1. Therefore, exactly those simplices are in the boundary whose difference 
cycles contain a '2' replacing '11'. By definition this is exactly M~. 
Secondly, we prove that Mk a is a combinatorial d-manifold meaning that lkak" = link(O) 
in Mk a is a combinatorial (d - 1)-sphere. More precisely, we are going to show that lkak 
is a certain subdivision of 
~[A k X 11 x ... x Ia_k] , 
where A k denotes a k-simplex and each I# denotes the real interval I: = [0, 1]. 
We use induction on d. The assertion is trivial if k = d because M d itself is the 
boundary of a (d + 1)-simplex hence lk~ = OA d. 
If k < d then we show that lkdk is a kind of a cubical suspension of lkdk- a Let us 
illustrate this induction step by M~: 
Ik~ consists of two discrete vertices 1, 2. Ik 2 is a hexagon which can be put into the 
form of a rectangle where top and bottom correspond to cones over two copies of 
/klwith additional vertices 3 and 4, and where the vertical axis corresponds to an 
interval I: 
I 
i 
5 
3 2 
4 6 
lk~ is a subdivision of the boundary of a cube where top and bottom are cones over 
two copies of lk 2 with additional vertices 7 and 8, see Fig. 2. 
An outline of the induction step in general is the following: lka~ is the cubical 
suspension of lk~- 1 in the following sense: 
Ik d = AwBwC,  
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1 3 2 
IV 
13 12 14 
Fig. 2. 
where C := lk~-1 x [0, 1] and where A is a cone over lk~-1 x {0}, B is a cone over 
Ik~-' x {1}. 
The labeling of top lk~-1 x {0} and bot tom lk'~-~ x { 1 } is given by the vertical 
edges, each jo in ing a vertex i e {1, 2 , . . . ,  nk a-  1 _ 1} with i + n~- 1 + 1 e {n~- ~ + 1 , - . - ,  
2n~- '}. 
In more detail, we observe that Ik~-1 occurs natural ly as the link of the edge 
(0 n~-1) in M~. Let us denote 
A := {n~-l}*lk~ - ' c_ Ik~ 
corresponding to the top part of lk~. 
The automorphisms of M~ 
a(x) := - x modulo  n~, 
fl(x) := x - n~- * modulo  n, d 
induce mappings 
~ : Ac---+lk~ 
fl: {0} * Ik~-'c--~Ik~ 
whose images coincide. Actually, f l -  1 ~ __ a -  lf l  is the involut ion x ~-+ - x modulo  
nk a- 1 in lk~-1. Let us define 
S := a(A) = fl({0} * lk~- ') ~ Ik~ 
as the bot tom part  of lk~. The actual correspondence between A and B as top and 
bot tom of a cyl inder 
C := Ik~- 1 x [0, 1] 
is given by the vertical edges 
(i fl(i)) = (i i + n~ -1 + 1) 
A1 = (x1 
A 2 = (X 1 
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for each i = 1, . . . ,  ng- 1. In other words: opposite to the vertex i in the top there is the 
vertex fl(i) in the bottom. We claim that lk~ is a subdivision of A ~ B u C. Let 
Ao=(X, ' - -Xd) ,0<x l< "'  <x~<n~- I  
be an arbitrary top-dimensional simplex of lk~- 1 c_ A. The opposite simplex in B is 
&+,  = ( /~(x l )  --- /~(x~)>. 
If we identify Ao with Ao x {0} and Ad+I with Ao x {1} then the prism Ao x [0, 1] is 
canonically subdivided into 
. . . . . .  Xd fl(x,,)>, 
"'" Xd-1 f l (Xd-1)  f l(Xd)>' 
A~ = (x l  /~(x,) /~(x2) "" /~(xn)>. 
Altogether 
Ao* {nd-1},A1, "" ,Ad,  Ad+I*{n~,- '  + 1} 
represent the same difference cycle 
(Yl "'" Ya) 
in 77 4, where Yl = Xi+l - xi = fl(xi+l) - fl(xi). The missing difference 
fl(xi) - xi = n{- 1 + 1 is just the complementary difference n~ - Y'id= 1Yi. 
This shows that lk'~ contains all these subdivided prisms Ao x [0, 1], i.e. it contains 
a subdivision of A vo B vo C. A simple counting argument shows that there is the same 
number of simplices on either side and that therefore Ik~, is a subdivision of 
AwBwC = 0(A x [0, 1]), the cubical suspension of lk~ -1. By induction hypothesis 
lk~-1 is a subdivision of 
~(A k x 11 x 12 X " .  X In -k -  x). 
Therefore, lkak is a subdivision of 
AwBwC=Akx I1  x ... X ld -k - lX{O,  1}~(Akx l lx  ... X ld_k_x)x [O,  1] 
=O(Akx l lx  ... X ld -k - lx [O ,  1]) 
= O(A k x 11 x .. .  x ld_R) .  
With only slight changes the same argument proves that Al a+ 1 is a (d + D-manifold 
with boundary. If Tkk a+ 1 denotes the link of 0 in Mk a+ 1 then 
A := {n a-l} ,Tk~, 
B := ~(A), 
c :=  Tk'~ x [ O, 1] 
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defines a similar splitting as above. The only difference is that now A is a solid 
pyramid and C is a solid prism. The consequence is that A u B u C has the shape of 
a cube with attached pyramids. Otherwise the proof remains the same. The details are 
not given here. We just mention the particular case ~o 3 where Tk 3 contains interior 
vertices which is caused by the fact that M 2 is not 2-neighborly. 
3 4 1 2 
Tk~ is the union of three edges 
and Tk 3 is a polyhedral disc as in Fig. 3. 
The neighborliness of )~k d÷ ' and Mk a for k >~ 1 follows from Section 2 or, alternatively, 
from the induction above because ach vertex link contains all the other vertices. This 
completes the proof of (a). 
Proof of (b) and (e). Let us first recall some facts about M~ from [13]: The universal 
covering of M~ is a tessellation of euclidean space E d which is invariant under d + 1 
translations where any d of them are linearly independent. Combinatorially, this 
universal covering is the union of the 7/-orbits of the generating simplices in the 
permcycle [1 2 4 8 . . .  2 d- ' ] .  Passing from the tessellated E d to M~ corresponds to
passing from Z to 7/, with n = 2 d+ 1 _ 1. This just means that the Z-orbits are replaced 
by the 71,-orbits. Incidentally M~ is invariant under 
x~-x  modulon 
x~2x modulon. 
The same procedure can be carried out for any m ~> 2 d+ 1 _ 1 leading to a similar 
quotient which locally is isomorphic to M~. Let us denote by M~ (m) the union of the 
7/,,-orbits of the generating simplices in the permcycle [1 2 4 8 ... 2 ~-1]. This is 
a triangulated d-torus as well. This remains valid even if we replace the permcycle by 
[1 q 2q 4q .-- 2 d -zq] fo ranyq~>2andanym~>2 dq- q+3.Eachver tex  
link is still the same as in M~, just with a different labelling of the vertices. The same 
A 
6 
C = Iko × [0,1] 
Fig. 3. 
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argument holds for the complexes Md(m) defined by the same permcycle as Mdk where 
m is any number m >/n d . The link of 0 in Md(m) is combinatorially isomorphic to the 
link of 0 in M d which is a sphere by part (a) above. This proves that Md(m) is 
a combinatorial manifold, similarly for h~td÷ l(m) defined by the same permcycle as 
~tkd+l. The same argument holds for the complexes generated by the permcycle 
[1 .-. 1 q 2q 4q ... ] ifq >/k + 3 >~ 3 and if the number m of vertices is sufficiently 
k+2 
large. 
In order to talk about the topology of these manifolds we use the concepts of 
collapsing and regular neighborhoods [17]. An elementary collapse X ~ Y across 
a simplex d e X is the procedure of omitting d and one of its codimension-l-faces 
A' • dd provided that d' occurs in none of the simplices of X except A. As a result, 
X retracts onto Y := X\A.  One says that X collapses onto Y, written X ,,,x, y, if there 
is a sequence of elementary collapses X = Xo x, X~ "~ ... ~ Xn = Y. 
A regular neighborhood of a simplicial submanifold X of a compact combinatorial 
manifold M is a triangulated version of an e-tube around X in M, a kind of a collar 
around X. For the details see [17 ch. 3]. We use the following particular esult. 
Proposition 1 Rourke and Sanderson ([17; 3.26]). I f  M is a compact combinatorial 
manifold with boundary and if M ~'~ Y then M is PL-homeomorphic to a regular 
neighborhood of Y in M. 
If moreover Y is a combinatorial submanifold Y c M without boundary then 
a regular neighborhood is a kind of a normal bundle of Y in M. Consequently M itself 
is a triangulated total space of a disc bundle over Y. 
The simplest example is the 5-vertex M/Sbius band [11] collapsing onto [1] by five 
elementary collapses, each one killing one of the boundary edges in [2]: 
2 4 1 
1 3 5 2 
2 4 1 
1 3 5 
Lemma 2. For any k >i 0, any q >1 k + 3, and any m >>, n k +t+ 2 the complex generated 
by the permcycle 
{11.. .  1 q 2q ... 2~q] 
k+2 
collapses onto the one generated by 
{1_~.~_~ q 2q --- 21q], 
- (  
k+ l  
where in either case the number of vertices is m. 
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Lemma 2 implies that step by step /~tk~ +1 collapses onto 
[1 k + 3 2(k + 3) ..- 2 d -k -z ' (k  + 3)] which is a triangulated (d - k)-torus. Then 
Proposition 1 implies that /~k a+l is the total space of a (k + 1)-disc bundle over 
a (d - 1)-torus. Clearly, its boundary Mk a = 0/~tg ÷ 1 is the total space of the associated 
k-sphere bundle over the same (d - k)-torus. For any odd number m/> 2k + 5 of 
vertices, the permcycle [1 ... 1] is an orientable or nonorientable 1-handle depending 
k+2 
on the parity of k and m. Since the number of vertices of ~k  d÷ ~ is odd if k ~< d - 1 this 
means that this 1-handle is orientable if k is odd and nonorientable if k is even. As 
a consequence, the orientability switches at each step of the collapsing according to 
Lemma 2. Therefore,/~k d ÷ 1 is orientable if k is odd and nonorientable if k is even, with 
the exceptions k = d (trivial) and the particular case k = 0 where M d = 0 /~ +1 is 
orientable although l~t~ + 1 is nonorientable. In fact ~rd+ X is a d-torus, see above. This 
completes the proof of (b) except hat we still have to prove Lemma 2. 
Proof of Lemma 2. First of all [1 1 ... 1 q 2q ... 21q] is a (k + l + 3)-dimensional 
k+2 
manifold with boundary as shown in the proof of (b) above. Each vertex link is 
combinatorially isomorphic to the vertex link of ~rk + ~ + 3. This has been studied in the 
proof of (a) above. In particular, the link of each vertex in this link ( = link of an edge 
in ~k  +~+ a) is a combinatorial ball which is collapsible to a point. This follows from 
the induction in the proof of (a) because the collapsibility is preserved by each 
induction step. A particular consequence is the following: if st(e) denotes the open star 
of a boundary edge e of any of these manifolds M then M'~h (M\st(e)) .  This 
immediately leads to the idea to collapse the manifold from the boundary into the 
interior. The boundary of [1 ... 1 q ... 2~q]is[1 ... 1 2 q 2q ... 2~q] according 
k+2 k 
to the first part of the proof of (a). If we compare this boundary to the 'interior' 
I1 ... 1 q 2q ... 2tq] we find that exactly the edges [k + 2 + N.q] occur in 
k+l  
the boundary but not in the interior. Here N denotes an integer. Now we collapse the 
manifold from those 'exterior' edges onto the part which is left if we take out all their 
open edge stars. What is left is exactly the 'interior' I1 ... 1 q ... 2tq]. 
k+l  
Additional remark: In the case k = 0 this collapsing induces a 2-sheeted covering of 
the boundary [2 q ... 2tq] onto [1 q ... 2tq]. Either of them is a triangulated 
(1 + 2)-dimensional torus. 
Example (reference [12, p. 160]): [113] collapses onto [131, each of them with 11 
vertices. The crucial edges in the boundary [23] are exactly [2] and [5]. Fig. 4 shows 
a 'window' of the 2-fold covering of [23] onto [13]: 
The proof of (c) follows by the same arguments as part (b) above. We have already 
seen that ~rka+ 1 (m) and M~(m) are combinatorial manifolds. The Collapsing Lemma 2 
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implies the structure of a disc bund le  or sphere bundle,  respectively. The topological  
type may depend on the par i ty of k and  m. At least for odd m the or ientabi l i ty  is the 
same as in (b) because also nk a is odd whenever  d >~ k + 1. Look ing  at the universal  
cover ings we find that  the universal  cover ing of ~d + 1 (m) equals the one of_~ rd ÷ 1. This 
implies that the two quot ients  are homeomorph ic :  We just  divide out  by the re lat ion 
m = 0 instead of ndk = 0. 
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